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CROSSED MODULES FOR HOM-LIE ANTIALGEBRAS
TAO ZHANG AND HEYU ZHANG
Abstract. In this paper, we introduced the concept of crossed module for Hom-
Lie antialgebras. It is proved that the category of crossed modules for Hom-Lie
antialgebras and the category of Cat1-Hom-Lie antialgebras are equivalent to each
other. The relationship between the crossed module extension of Hom-Lie antial-
gebras and the third cohomology group are investigated.
1. Introduction
The notion of Lie antialgebras was introduced by V. Ovsienko in [15] as an algebraic
structure in the context of symplectic and contact geometry of Z2-graded space. A
Lie antialgebra is a Z2-graded vector space a = a0 ⊕ a1 where a0 is a commutative
associative algebra acting on a1 as a derivation satisfying some compatible conditions,
see Definition 2.1. The universal enveloping algebra and representation theory of Lie
antialgebras have been investigated [13].
Crossed modules of groups were introduced by Whitehead in the late 1940s as
algebraic models for path-connected CW-spaces, see [19]. Crossed modules of Lie
algebras and associative algebras have also been investigated by various authors,
see [2, 7, 9, 12, 14, 18]. It is well known that equivalent classes of crossed module
extensions of associative algebras and Lie algebras are in one-to-one correspondence
with elements of their Chevally-Eilenberg and Hochschild third cohomology groups.
For crossed modules of algebroids, Leibniz algebras, Hom-Lie algebras, Hom-Lie-
Rinehart algebras and internal crossed modules in semi-abelian categories, see [1, 3,
4, 5, 6, 10, 11, 21].
In a recent paper [22], we introduced the concept of Hom-Lie antialgebras which
is a Hom-analogue of Ovsienko’s Lie antialgebras. The general representations and
cohomology theory of Hom-Lie antialgebras are investigated. It is proved that the
equivalent classes of abelian extensions of Hom-Lie antialgebras are classified by the
second cohomology group. It is then natural to ask: What about the third cohomology
group of Hom-Lie antialgebras? Is there some crossed module extension structures of
Hom-Lie antialgebras that can be related to third cohomology group? In this paper,
we give a partial answer to these questions.
The key point is to give a suitable definition of crossed module for Hom-Lie an-
tialgebras. To solve this problem, first we give a detailed study on the actions and
semidirect products of Hom-Lie antialgebras. Then we introduce the notion crossed
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module for Hom-Lie antialgebras and Cat1-Hom-Lie antialgebras. It is proved that
the category of crossed modules for Hom-Lie antialgebras and the category of Cat1-
Hom-Lie antialgebras are equivalent to each other. Finally, we introduced the notion
of crossed module extensions of Hom-Lie antialgebras. Given an equivalent class of
crossed module extensions, we prove that there is a canonical element in the third
cohomology group.
The paper is organized as follows. In Section 2, we revisited some definitions and
notations of Hom-Lie antialgebras. In Section 3, we study the representation and
semidirect product of Hom-Lie antialgebras. In Section 4, we introduced the concept
of crossed module for Hom-Lie antialgebras and Cat1-Hom-Lie antialgebras. We proof
that the category of crossed modules for Hom-Lie antialgebras and the category of
Cat1-Hom-Lie antialgebras are equivalent to each other. In Section 5, we define
crossed module extension of Hom-Lie antialgebras. The relationship between the
crossed module extension of Hom-Lie antialgebras and the third cohomology group
are found.
Throughout this paper, we work with an algebraically closed field of characteristic
0. For a Z2-graded vector space (also called super vector space) V = V0 ⊕ V1 , we
consider the standard Z2-grading on the algebra of linear maps on V : End(V ) =
End(V )0 ⊕ End(V )1 where End(V )0 = Hom(V0, V0) ⊕ Hom(V1, V1) and End(V )1 =
Hom(V0, V1)⊕Hom(V1, V0).
2. Hom-Lie antialgebras
Definition 2.1. A Lie antialgebra is a supercommutative Z2-graded algebra a =
a0 ⊕ a1 such that the following identities hold:
x1 · (x2 · x3) = (x1 · x2) · x3, (2.1)
x1 · (x2 · y1) =
1
2
(x1 · x2) · y1, (2.2)
x1 · [y1, y2] = [x1 · y1, y2] + [y1, x1 · y2], (2.3)
y1 · [y2, y3] + y2 · [y3, y1] + y3 · [y1, y2] = 0, (2.4)
for all homogeneous elements x1, x2, x3 ∈ a0, y1, y2, y3 ∈ a1. Note that, differently
from [15], we denote by square brackets the product of homogeneous elements of degree
1, since it is skew symmetric.
Definition 2.2. Let a and a˜ be Lie antialgebras. A Lie antialgebra homomorphism
φ from a to a˜ consists of two linear maps φ0 : a0 → a˜0, φ1 : a1 → a˜1, such that the
following conditions hold :
φ0(x1 · x2) = φ0(x1) · φ0(x2),
φ1(x1 · y1) = φ0(x1) · φ1(y1),
φ0([y1, y2]) = [φ1(y1), φ1(y2)],
for all x1, x2, x3 ∈ a0, y1, y2, y3 ∈ a1.
Definition 2.3. (1) A Hom-Lie antialgebra (a, α, β) is a supercommutative Z2-graded
algebra: a = a0 ⊕ a1, together with two linear maps (α, β): α : a0 → a0, β : a1 → a1,
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satisfying the following identities:
α(x1) · (x2 · x3) = (x1 · x2) · α(x3), (2.5)
α(x1) · (x2 · y1) =
1
2
(x1 · x2) · β(y1), (2.6)
α(x1) · [y1, y2] = [(x1 · y1), β(y2)] + [β(y1), (x1 · y2)], (2.7)
β(y1) · [y2, y3] + β(y2) · [y3, y1] + β(y3) · [y1, y2] = 0, (2.8)
for all x1, x2, x3 ∈ a0, y1, y2, y3 ∈ a1.
(2) A Hom-Lie antialgebra is called multiplicative if (α, β) form an algebraic ho-
momorphism of a, i.e. for any x1, x2 ∈ a0, y1, y2 ∈ a1, we have
α(x1 · x2) = α(x1) · α(x2),
β(x1 · y1) = α(x1) · β(y1),
α([y1, y2]) = [β(y1), β(y2)].
(3) A Hom-Lie subantialgebra (a′, α′, β′) of (a, α, β) is a subspace a′ ⊆ a such that
(a′, α′, β′) is itself a Hom-Lie antialgebra under operations of a restrict to a′ and
α′ = α|a′ , β
′ = β|a′ .
The Hom-Lie antialgebras in this paper are assumed to be multiplicative.
Definition 2.4. Let (a, α, β) and (a˜, α˜, β˜) be Hom-Lie antialgebras. A Hom-Lie
antialgebra homomorphism φ = (φ0, φ1) from a to a˜ consists of two linear maps φ0 :
a0 → a˜0, φ1 : a1 → a˜1, such that the following equalities hold for all xi ∈ a0, yi ∈ a1:
φ0 ◦ α = α˜ ◦ φ0,
φ1 ◦ β = β˜ ◦ φ1,
φ0(x1 · x2) = φ0(x1) · φ0(x2),
φ1(x1 · y1) = φ0(x1) · φ1(y1),
φ0([y1, y2]) = [φ1(y1), φ1(y2)].
3. Semidirect product of Hom-Lie antialgebras
In this section, we introduce the concept of representation and action of Hom-Lie
antialgebras. Then we construct the semidirect product of Hom-Lie antialgebras.
Definition 3.1. Let (a, α, β) be a Hom-Lie antialgebra, V = V0 ⊕ V1 be a Hom-
super vector space (a super vector space with linear maps αV0 ∈ Hom(V0, V0), βV1 ∈
Hom(V1, V1)). A representation of (a, α, β) over the Hom-super vector space V is a
pair of linear maps ρ = (ρ0, ρ1) : ρ0 : a0 → End(V )0, ρ1 : a1 → End(V )1 such that
the following conditions hold:
αV0(ρ0(x1)(u1)) = ρ0(α(x1))αV0(u1), (3.1)
βV1(ρ0(x1)(w1)) = ρ0(α(x1))βV1(w1), (3.2)
αV0(ρ1(y1)(u1)) = ρ0(β(y1))αV0(u1), (3.3)
βV1(ρ1(y1)(w1)) = ρ0(β(y1))βV1(w1), (3.4)
ρ0(α(x1)) ◦ ρ0(x2)(u1) = ρ0(x1 · x2) ◦ αV0(u1), (3.5)
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ρ0(α(x1)) ◦ ρ0(x2)(w1) =
1
2
ρ0(x1 · x2) ◦ βV1(w1), (3.6)
ρ0(α(x1)) ◦ ρ1(y1)(u1) =
1
2
ρ1(β(y1)) ◦ ρ0(x1)(u1), (3.7)
ρ1(x1 · y1) ◦ αV0(u1) =
1
2
ρ1(β(y1)) ◦ ρ0(x1)(u1), (3.8)
ρ0(α(x1)) ◦ ρ1(y1)(w1) = ρ1(x1 · y1) ◦ βV1(w1) + ρ1(β(y1)) ◦ ρ0(x1)(w1), (3.9)
ρ0([y1, y2]) ◦ αV0(u1) = ρ1(β(y1)) ◦ ρ1(y2)(u1)− ρ1(β(y2)) ◦ ρ1(y1)(u1),(3.10)
ρ0([y1, y2]) ◦ βV1(w1) = −ρ1(β(y1)) ◦ ρ1(y2)(w1) + ρ1(β(y2)) ◦ ρ1(y1)(w1),(3.11)
for all x1, x2 ∈ a0, y1, y2 ∈ a1, u1 ∈ V0, w1 ∈ V1.
Proposition 3.2. Let (a, α, β) be a Hom-Lie antialgebra, (V, αV0 , βV1) be a Hom-
super vector space. Then ρ = (ρ0, ρ1) is a representation of (a, α, β) over (V, αV0 , βV1)
if and only if a⊕V , (a0⊕V0)⊕(a1⊕V1) is a Hom-Lie antialgebra under the following
operations:
(α + αV0)(x1, u1) = (α(x1), αV0(u1)), (3.12)
(β + βV1)(y1, w1) = (β(y1), βV1(w1)), (3.13)
(x1, u1) · (x2, u2) = (x1 · x2, ρ0(x1)(u2) + ρ0(x2)(u1)), (3.14)
(x1, u1) · (y1, w1) = (x1 · y1, ρ0(x1)(w1) + ρ1(y1)(u1)), (3.15)
[(y1, w1), (y2, w2)] = ([y1, y2], ρ1(y1)(w2)− ρ1(y2)(w1)), (3.16)
for all x1, x2 ∈ a0, y1, y2 ∈ a1, u1, u2 ∈ V0, w1, w2 ∈ V1.
The proof of the above Proposition 3.2 is by easy direct computations, so we omit
the details.
From now on, we assume (V, αV0 , βV1) is a representation of (a, α, β) unless oth-
erwise stated. If moreover (V, αV0 , βV1) is itself a Hom-Lie antialgebra under some
compatible conditions with the representation conditions, we can construct a general
Hom-Lie antialgebra a⊕ V on the direct sum space as follows.
Definition 3.3. Let (V, αV0 , βV1) and (a, α, β) be two Hom-Lie antialgebras. An
action of (a, α, β) over (V, αV0 , βV1) is a representation (V, ρ) such that the following
conditions hold:
ρ0(α(x1))(u1 · u2) = ρ0(x1)(u1) · α(u2), (3.17)
ρ0(α(x1))(u1 · w1) =
1
2
ρ0(x1)(u1) · βV1(w1), (3.18)
ρ1(y1)(u2) · αV0(u1) =
1
2
ρ1(β(y1))(u1 · u2), (3.19)
ρ0(x1)(w1) · αV0(u1) =
1
2
ρ0(x1)(u1) · βV1(w1), (3.20)
ρ0(α(x1))([w1, w2]) = [ρ0(x1)(w1), βV1(w2)] + [βV1(w1), ρ0(x1)(w2)], (3.21)
ρ1(β(y1))(u1 · w1) = αV0(u1) · ρ1(y1)(w1)− [ρ1(y1)(u1), βV1(w1)], (3.22)
ρ1(β(y1))([w1, w2]) = βV1(w1) · ρ1(y1)(w2)− βV1(w2) · ρ1(y1)(w1), (3.23)
for all x1 ∈ a0, y1 ∈ a1, u1, u2 ∈ V0, w1, w2 ∈ V1.
Now we can obtain our main construction of Hom-Lie antialgebra structure.
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Theorem 1. Let (V, αV0 , βV1) and (a, α, β) be two Hom-Lie antialgebras with an
action of (a, α, β) over (V, αV0 , βV1). Then (a ⊕ V, α + αV0 , β + βV1) is a Hom-Lie
antialgebra under the following maps:
(α+ αV0)(x1, u1) = (α(x1), αV0(u1)),
(β + βV1)(y1, w1) = (β(y1), βV1(w1)),
(x1, u1) · (x2, u2) = (x1 · x2, ρ0(x1)(u2) + ρ0(x2)(u1) + u1 · u2),
(x1, u1) · (y1, w1) = (x1 · y1, ρ0(x1)(w1) + ρ1(y1)(u1) + u1 · w1),
[(y1, w1), (y2, w2)] = ([y1, y2], ρ1(y1)(w2)− ρ1(y2)(w1) + [w1, w2]),
for all x1, x2 ∈ a0, y1, y2 ∈ a1, u1, u2 ∈ V0, w1, w2 ∈ V1. This is called a semidirect
product of a and V , denoted by a⋉ V .
Proof. By definition, we have
(α + αV0)((x1, u1)) · ((x2, u2) · (x3, u3))
= (α(x1), αV0(u1)) · ((x2, u2) · (x3, u3))
= (α(x1) · (x2 · x3), ρ0(α(x1))(ρ0(x2)(u3)) + ρ0(α(x1))(ρ0(x3)(u2))
+ρ0(x2 · x3)(αV0(u1)) + ρ0(α(x1))(u2 · u3)︸ ︷︷ ︸
A
+αV0(u1) · ρ0(x2)(u3)︸ ︷︷ ︸
B
+αV0(u1) · ρ0(x3)(u2)︸ ︷︷ ︸
C
+αV0(u1) · (u2 · u3)
and
((x1, u1) · (x2, u2)) · (α+ αV0)((x3, u3))
= ((x1, u1) · (x2, u2)) · (α(x3), αV0(u3))
= ((x1 · x2) · α(x3), ρ0(x1 · x2)(αV0(u3)) + ρ0(α(x3))ρ0(x1)(u2)
+ρ0(α(x3))ρ0(x2)(u1) + ρ0(α(x3))(u1 · u2)︸ ︷︷ ︸
C′
.
+ ρ0(x1)(u2) · αV0(u3)︸ ︷︷ ︸
A′
+ ρ0(x2)(u1) · αV0(u3)︸ ︷︷ ︸
B′
+(u1 · u2) · αV0(u3).
Due to (3.17) and commutativity of product in V0, we have
A = A′, B = B′, C = C ′.
Thus we obtain
(α+ αV0)((x1, u1)) · ((x2, u2) · (x3, u3))
= ((x1, u1) · (x2, u2)) · (α+ αV0)((x3, u3)). (3.24)
For (2.6), we have
(α+ αV0)((x1, u1)) · ((x2, u2) · (y1, w1))
= (α(x1), αV0(u1)) · ((x2, u2) · (y1, w1))
= (α(x1) · (x2, y1), ρ0(α(x1))ρ0(x2)(w1) + ρ0(α(x1))ρ1(y1)(u2)
6 T. ZHANG AND H. ZHANG
+ρ1(x2 · y1)(αV0(u1)) + ρ0(α(x1))(u2 · w1)︸ ︷︷ ︸
D
+αV0(u1) · ρ0(x2)(w1)︸ ︷︷ ︸
E
+αV0(u1) · ρ1(y1)(u2)︸ ︷︷ ︸
F
+αV0(u1) · (u2 · w1)
(x1, u1) · (x2, u2)) · (β + βV1)(y1, w1)
= ((x1, u1) · (x2, u2)) · (β(y1), βV1(w1))
= ((x1, x2) · β(y1), ρ0(x1 · x2)(βV1(w1)) + ρ1(β(y1))ρ0(x1)(u2)
+ρ1(β(y1))ρ0(x2)(u1) + ρ1(β(y1))(u1 · u2)︸ ︷︷ ︸
F ′
+ ρ0(x1)(u2) · βV1(w1)︸ ︷︷ ︸
D′
+ ρ0(x2)(u1) · βV1(w1)︸ ︷︷ ︸
E′
+(u1 · u2) · βV1(w1))
Due to (3.18) and (3.19), we have
D = 1
2
D′, E = 1
2
E′, F = 1
2
F ′.
Thus we obtain
(α+ αV0)((x1, u1)) · ((x2, u2) · (y1, w1))
= 1
2
((x1, u1) · (x2, u2)) · (β + βV1)(y1, w1). (3.25)
For (2.7), we have
(α+ αV0)(x1, u1) · [(y1, w1), (y2, w2)]
= (α(x1), αV0(u1)) · [(y1, w1), (y2, w2)]
= (α(x1) · [y1, y2], ρ0(α(x1))ρ1(y1)(w2)− ρ0(α(x1))ρ1(y2)(w1)
+ρ0([y1, y2])(αV0(u1)) + ρ0(α(x1))([w1, w2])︸ ︷︷ ︸
G
+αV0(u1) · ρ1(y1)(w2)︸ ︷︷ ︸
H
−αV0(u1) · ρ1(y2)(w1)︸ ︷︷ ︸
I
+αV0(u1) · [w1, w2])
[(x1, u1) · (y1, w1), (β + βV1)(y2, w2)]
= [(x1, u1) · (y1, w1)), (β(y2), βV1(w2))]
=
(
[(x1 · y1), β(y2)], ρ1(x1 · y1) · βV1(w2)− ρ1(β(y2))ρ0(x1)(w1)
−ρ1(β(y2))ρ1(y1)(u1)−ρ1(β(y2))(u1 · w1)︸ ︷︷ ︸
I1
+ [ρ0(x1)(w1), βV1(w2)]︸ ︷︷ ︸
G1
+ [ρ1(y1)(u1), βV1(w2)]︸ ︷︷ ︸
H1
+[u1 · w1, βV1(w2)]
)
[(β + βV1)(y1, w1), (x1, u1) · (y2, w2)]
= [(β(y1), βV1(w1)), (x1, u1) · (y2, w2)]
=
(
[β(y1), (x1 · y2)], ρ1(β(y1))ρ0(x1)(w2)− ρ1(x1 · y2)βV1(w1)
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+ρ1(β(y1))ρ1(y2)(u1) + ρ1(β(y1))(u1 · w2)︸ ︷︷ ︸
H2
+ [βV1(w1), ρ0(x1)(w2)]︸ ︷︷ ︸
G2
+ [βV1(w1), ρ1(y2)(u1)]︸ ︷︷ ︸
I2
+[βV1(w1), u1 · w2]
)
Due to (3.21) and (3.22), we have
G = G1 +G2, H = H1 +H2, I = I1 + I2.
Thus we obtain
(α+ αV0)(x1, u1) · [(y1, w1), (y2, w2)]
= [(x1, u1) · (y1, w1), (β + βV1)(y2, w2)]
+[(β + βV1)(y1, w1), (x1, u1) · (y2, w2)]. (3.26)
For (2.8), by definition (3.24) we have
(β + βV1)(y1, w1) · [(y2, w2), (y3, w3)]
= (β(y1), βV1(w1)) · [(y2, w2), (y3, w3)]
=
(
β(y1) · [y2, y3], ρ1(β(y1))(ρ1(y2)(w3))− ρ1(β(y1))ρ1(y3)(w2)
+ρ0([y2, y3])(βV1(w1)) + ρ1(β(y1))([w2, w3])︸ ︷︷ ︸
J
+ ρ1(y2)(w3) · βV1(w1)︸ ︷︷ ︸
K
− ρ1(y3)(w2) · βV1(w1)︸ ︷︷ ︸
L
+βV1(w1) · [w2, w3]
)
(β + βV1)(y2, w2) · [(y3, w3), (y1, w1)]
= (β(y2), βV1(w2)) · [(y3, w3), (y1, w1)
= (β(y2) · [y3, y1], ρ1(β(y2))(ρ1(y3)(w1))− ρ1(β(y2))ρ1(y1)(w3)
+ρ0([y3, y1])(βV1(w2)) + ρ1(β(y2))([w3, w1])︸ ︷︷ ︸
K1
+ ρ1(y3)(w1) · βw1(w2)︸ ︷︷ ︸
L1
− ρ1(y1)(w3) · βV1(w2)︸ ︷︷ ︸
J1
+βV1(w2) · [w3, w1]
)
(β + βV1)(y3, w3) · [(y1, w1), (y2, w2)]
=
(
β(y3), βV1(w3)) · [(y1, w1), (y2, w2)]
=
(
β(y3) · [y1, y2], ρ1(β(y3))(ρ1(y1)(w2))− ρ1(β(y3))ρ1(y2)(w1)
+ρ0([y1, y2])(βV1(w3)) + ρ1(β(y3))([w1, w2])︸ ︷︷ ︸
L2
ρ1(y1)(w2)) · βV1(w3)︸ ︷︷ ︸
J2
− ρ1(y2)(w1) · βV1(w3)︸ ︷︷ ︸
K2
+βV1(w3) · [w1, w2]
)
Due to (3.21) and (3.22), we have
J + J1 + J2 = 0, K +K1 +K2 = 0, L+ L1 + L2 = 0.
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Thus we obtain
(β + βV1)(y1, w1) · [(y2, w2), (y3, w3)]
+(β + βV1)(y2, w2) · [(y3, w3), (y1, w1)]
+(β + βV1)(y3, w3) · [(y1, w1), (y2, w2)] = 0. (3.27)
From (3.24)–(3.27), we obtain that a ⋉ V is a Hom-Lie antialgebra. The proof is
completed. 
4. Crossed modules for Hom-Lie antialgebras
In this section, we intruduce the concept of crossed module for Hom-Lie antial-
gebras which can be constructed from semidirect product. Then we establish the
relationships between the category of crossed modules for Hom-Lie antialgebras and
the category of Cat1-Hom-Lie antialgebras.
Definition 4.1. Let (V, αV0 , βV1) and (a, α, β) be two Hom-Lie antialgebras with
an action of (a, α, β) over (V, αV0 , βV1). A crossed module of Hom-Lie antialgebras
∂ : (V, αV0 , βV1) → (a, α, β) is an Hom-Lie antialgebra homomorphism such that the
following identities hold:
∂0 ◦ ρ0(x)(u1) = x · ∂0(u1), (4.1)
∂1 ◦ ρ0(x)(w1) = x · ∂1(w1), (4.2)
∂1 ◦ ρ1(y)(u1) = y · ∂0(u1), (4.3)
∂0 ◦ ρ1(y)(w1) = [y, ∂1(w1)], (4.4)
ρ0(∂0(u1))(u2) = u1 · u2, (4.5)
ρ1(∂1(w1))(w2) = [w1, w2], (4.6)
ρ0(∂0(u1))(w1) = ρ1(∂1(w1))(u1) = u1 · w1, (4.7)
for all x ∈ a0, u1, u2 ∈ V0, y ∈ a1, w1, w2 ∈ V1.
We will denote a crossed module by ∂ : V → a in the following text for simplicity.
Definition 4.2. Let ∂ : (V, αV0 , βV1) → (a, α, β) and ∂˜ : (V˜ , α˜V0 , β˜V1) → (a˜, α˜, β˜) be
two crossed modules of Hom-Lie antialgebras. A morphism of crossed modules is a
pair of Hom-Lie antialgebra homomorphisms φ : V → V˜ and ψ : a→ a˜ such that the
following conditions hold:
φ0 ◦ ∂0 = ∂˜0 ◦ φ0, ψ1 ◦ ∂1 = ∂˜1 ◦ ψ1.
We will denote byXHLA the category of crossed modules of Hom-Lie antialgebras.
Definition 4.3. A Cat1-Hom-Lie antialgebra (M,N, s, t) consists of a Hom-Lie an-
tialgebra (M,αM0 , βM1) together with a Hom-Lie subantialgebra (N,αN0 , βN1) and the
structural homomorphisms: s = (s0, s1), t = (t0, t1) : (M,αM0 , βM1)→ (N,αN0 , βN1)
such that
s0|N0 = t0|N0 = idN0 , (4.8)
s1|N1 = t1|N1 = idN1 , (4.9)
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Ker s0 ·Ker t0 = 0, (4.10)
Ker s0 ·Ker t1 = 0, (4.11)
Ker t0 ·Ker s1 = 0, (4.12)
[Ker s1,Ker t1] = 0, (4.13)
where idN0 : N0 → N0 and idN1 : N1 → N1 are the identity maps, Ker s and Ker t
are the kernel spaces of s and t.
Definition 4.4. Let (M,N, s, t) and
(
M˜, N˜ , s˜, t˜
)
be two Cat1-Hom-Lie antialgebras.
A morphism of Cat1-Hom-Lie antiagebras f : (M,N, s, t) →
(
M˜, N˜ , s˜, t˜
)
is a Hom-
Lie antialgebrs homomorphism (f0, f1) : (M,αM0 , βM1) → (M˜ , α˜M0 , β˜M1) such that
f0(N0) ⊆ N˜0, f1(N1) ⊆ N˜1, and
s˜0 ◦ f0 = f0|N0 ◦ s0, t˜0 ◦ f0 = f0|N0 ◦ t0,
s˜1 ◦ f1 = f1|N1 ◦ s1, t˜1 ◦ f1 = f1|N1 ◦ t1.
We will denote by CHLA the category of Cat1-Hom-Lie antialgebras.
Next we will prove the main result of this section.
Theorem 2. The categories XHLA and CHLA are equivalent .
Proof. The proof is divided into two parts. Firstly, we define a functor from the
category XHLA to CHLA. Given a crossed module ∂ : (V, αV0 , βV1) → (a, α, β),
the corresponding Cat1-Hom-Lie antiagebra (a⋉V, a, s, t) are constructed as follows.
The Hom-Lie antiagebras are the semidirect product (a ⋉ V, α + αV0 , β + βV1) with
(a, α, β) as its Hom-Lie subantiagebra.
The structural homomorphisms s and t are given by:
s0(x, u) = x, t0(x, u) = ∂0(u) + x
and
s1(y,w) = y, t1(y,w) = ∂1(w) + y
for all x ∈ a0, y ∈ a1, u ∈ V0, w ∈ V1.
It is easy to check that s is indeed a homomorphism since s0 and s1 are the
projection maps.
For t, we have
t0 ◦ (α+ αV0)(x, u) = t0(α(x), αV0(u)) = ∂0(αV0(u)) + α(x)
α ◦ t0(x, u) = α(∂0(u) + α(x)) = α(∂0(u)) + α(x)
t1 ◦ (β + βV1)(y,w) = t1(β(y), βV1(w)) = ∂1(βV1(w)) + β(y)
β ◦ t1(y,w) = β(∂1(w) + β(y)) = β(∂1(w)) + β(y).
By computations, we get
t0
(
(x1, u1) · (x2, u2)
)
= t0(x1 · x2, u1 · u2 + ρ0(x1)(u2) + ρ0(x2)(u1))
= ∂0(u1 · u2) + ∂0 ◦ ρ0(x1)(u2) + ∂0 ◦ ρ0(x2)(u1) + x1 · x2
t0(x1, u1) · t0(x2, u2) = (∂0(u1) + x1) · (∂0(u2) + x2)
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= ∂0(u1) · ∂0(u2) + ∂0(u1) · x2 + x1 · ∂0(u2) + x1 · x2.
Since ∂ = (∂0, ∂1) is a Hom-Lie antialgebra homomorphism and by the crossed module
conditions (4.1) and (4.2), we get
t0
(
(x1, u1) · (x2, u2)
)
= t0(x1, u1) · t0(x2, u2).
Similarly, by the crossed module conditions (4.3) and (4.4), we get
t1
(
(x1, u1) · (y1, w1)
)
= t0(x1, u1) · t1(y1, w1),
t0
(
[((y1, w1), (y2, w2)]
)
= [t1(y1, w1), t1(y2, w2)].
Therefore, t is a Hom-Lie antiagebra homomorphism.
Now we check that s and t satisfy conditions (4.8)–(4.9) and (4.10)–(4.12). In
fact a can be regarded as a Hom-Lie subantialgebra of a ⋉ V via the inclusion map
i0 : x → (x, 0) and i1 : y → (y, 0), so it is obvious that s0|a0 = t0|a0 = ida0 and
s1|a1 = t0|a1 = ida1 . From the definition of s and t, we get that Ker s0 = {(0, u)|u ∈
V0} ∼= V0, Ker t0 = {(−∂0(u), u)|u ∈ V0}, Ker s1 = {(0, w)|w ∈ V1} ∼= V1 and
Ker t1 = {(−∂1(w), w)|w ∈ V1}). Given u1, u2 ∈ V0, due to condition (4.5), we have
(0, u1) · (−∂0(u2), u2) = (0, u1 · u2 − ρ0(∂0(u2))(u1) = 0.
Therefore, we get Ker s0 · Ker t0 = 0. One can also obtain Ker s0 · Ker t1 = 0,
Ker t0 ·Ker s1 = 0 and [Ker s1,Ker t1] = 0 by conditions (4.6) and (4.7).
Moreover, given a morphism (φ,ψ) of crossed modules, the corresponding mor-
phism of Cat1-Hom-Lie antialgebras is defined by f0(x, u) , (ψ0(x), φ0(u)), f1(y,w) ,
(ψ1(y), φ1(w)) for all (x, u) ∈ (a⋉V )0, (y,w) ∈ (a⋉V )1. One can check that (f0, f1)
is a homomorphisms of Hom-Lie antialgebras since the pair (φ,ψ) is a morphism of
Hom-Lie antialgebra crossed modules. For example,
f0
(
(x1, u1) · (x2, u2)
)
= f0(x1 · x2, u1 · u2 + ρ0(x1)(u2) + ρ0(x2)(u1)
= (ψ0(x1 · x2), φ0(u1 · u2 + ρ0(x1)(u2) + ρ0(x2)(u1))
= (ψ0(x1 · x2), φ0(u1 · u2) + ρ0(ψ0(x1))(φ0(u2)) + ρ0(ψ0(x2))(φ0(u1))
= (ψ0(x1), φ0(u1)) · (ψ0(x2), φ0(u2))
= f0(x1, u1) · f0(x2, u2).
Thus f0
(
(x1, u1)·(x2, u2)
)
= f0(x1, u1)·f0(x2, u2). It is clear that f0(a0) ⊆ a˜0, f1(a1) ⊆
a˜1. The equalities s˜0 ◦ f0 = f0|a0 ◦ s0, s˜1 ◦ f1 = f1|a1 ◦ s1 follow from the definition of
s0, s1. Moreover, the equalities t˜0◦f0 = f0|a0 ◦t0, t˜1◦f1 = f1|a1 ◦t1 are consequence of
the fact that s and t are Hom-Lie antialgebra homomorphisms. Therefore the functor
from XHLA to CHLA is well defined.
For the second part, we define a functor from the category CHLA to XHLA as
follows. Given a Cat1-Hom-Lie antialgebra (M,N, s, t), we define the corresponding
crossed module of Hom-Lie antialgebras to be t|Ker s : Ker s → N where t0|Ker s0 :
Ker s0 → N0, t1|Ker s1 : Ker s1 → N1, with actions of N on Ker s induced by the
Hom-Lie antialgebra structure in M . By the fact that s0(x · p) = s0(x) · s0(p) = 0,
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s1(x·q) = s0(x)·s1(q) = 0, s1(y·p) = s1(y)·s0(p) = 0 and s0([y, q]) = [s1(y), s1(q)] = 0,
we define
ρ0(x)(p) = x · p ∈ Ker s0, ρ1(y)(q) = [y, q] ∈ Ker s0,
ρ0(x)(q) = x · q ∈ Ker s1, ρ1(y)(p) = y · p ∈ Ker s1.
where x ∈ N0, y ∈ N1, p ∈ Ker s0, q ∈ Ker s1. Then t|Ker s = (t0|Ker s0 , t1|Ker s1)
satisfy the crossed module conditions (4.1)–(4.4) since t is a Hom-Lie antialgebra
homomorphism and t0|N0 = idN0 , t1|N1 = idN1 .
For the crossed module conditions (4.5)–(4.7), assume p1 ∈ Ker s0, q1 ∈ Ker s1, we
have t0(t0(p1) − p1) = t0(p1) − t0(p1) = 0 and t1(t1(q1) − q1) = t1(q1) − t1(q1) = 0
since t0(p1) ∈ N0 and t1(q1) ∈ N1. Thus t0(p1)− p1 ∈ Ker t0 and t1(q1)− q1 ∈ Ker t1.
Thus we have
0 = (t0(p1)− p1) · p2 = t0(p1) · p2 − p1 · p2,
0 = (t0(p1)− p1) · q1 = t0(p1) · q1 − p1 · q1,
0 = (t1(q1)− q1) · p1 = t1(q1) · p1 − q1 · p1,
0 = [t1(q1)− q1, q2] = [t1(q1), q2]− [q1, q2].
Therefore t|Ker s : Ker s→ N is a crossed module.
Moreover, given a morphism f = (f0, f1) of Cat
1-Hom-Lie antialgebras, the corre-
sponding morphism of crossed modules is given by (f |Kers , f |N ). Since s˜0◦f0 = f0|N0◦
s0 and s˜1◦f1 = f1|N1 ◦s1, we obtain that f0(Ker s0) ⊆ Ker s˜0 and f1(Ker s1) ⊆ Ker s˜1.
directly from the identities t˜0 ◦f0 = f0|N0 ◦t0 and t˜1◦f1 = f1|N1 ◦t1. Thus the functor
from CHLA to XHLA is well defined.
Finally, one can see that the above two functors are inverse of each other up to
isomorphim. This completed the proof. 
5. Crossed module extensions and third cohomology groups
The cohomology theory of Hom-Lie antialgebra was defined in [22]. We will define
the notion of crossed module extensions of Hom-Lie antialgebras and show that they
are related to the third cohomology group.
Definition 5.1. Let (g, α, β) be a Hom-Lie antialgebra and (M,ρ) be a representation
of (g, α, β). A crossed module extension of (g, α, β) by (M,ρ) is an exact sequence of
Hom-Lie antialgebras:
0 // M
i
// V
∂
// a
pi
// g // 0 , (5.1)
such that ∂ : V → a is a crossed module and M0 ∼= Ker ∂0, M1 ∼= Ker ∂1, g0 ∼=
coKer∂0, g1 ∼= coKer∂1.
Definition 5.2. Two crossed module extensions ∂ : V → a and ∂˜ : V˜ → a˜ are
called equivalent if there are morphisms of Hom-Lie antialgebras φ : V → V˜ and
ψ : a→ a˜ which are compatible with the actions and such that the following diagrams
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commutate:
0 // M
i
// V
φ

∂
// a
ψ

pi
// g // 0
0 // M
i′
// V˜
∂˜
// a˜
pi′
// g // 0,
(5.2)
In other words, ∂ and ∂˜ are equivalent if there are Hom-Lie antialgebra morphisms
φ0 : V0 → V˜0, φ1 : V1 → V˜1, such that ∂˜0 ◦ φ0 = ∂0 ◦ ψ0, ∂˜1 ◦ φ1 = ∂1 ◦ ψ1.
Let CExt(g,M) denote the set of equivalence classes of the set of crossed module
extensions.
Theorem 3. Let (g, α, β) be a Hom-Lie antialgebra and (M,ρ) be a representation
of (g, α, β). Then there is a canonical map:
ξ : CExt(g,M)→ H3(g,M)
Proof. Given a crossed module extension of Hom-Lie antialgebra, we denote n0 =
Kerpi0 = Im∂0, n1 = Kerpi1 = Im∂1. Choose linear sections s0 : g0 → a0, s1 : g1 → a1
and σ0 : n0 → V0, σ1 : n1 → V1 of pi0, pi1 and ∂0, ∂1 such that pi0s0 = idg0 , pi1s1 = idg1 ,
∂0σ0 = idn0 and ∂1σ1 = idn1 . Since pi is a Hom-Lie antialgebra homomorphism, then
forall a1, a2, a3 ∈ g0, b1, b2, b3 ∈ g1, we get
pi0
(
s0(a1) · s0(a2)− s0(a1 · a2)
)
= pi0s0(a1) · pi0s0(a2)− pi0s0(a1 · a2) = 0,
pi1
(
s0(a1) · s1(b1)− s1(a1 · b1)
)
= pi0s0(a1) · pi1s1(b1)− pi1s1(a1 · b1) = 0,
pi0
(
[s1(b1), s1(b2)]− s0([b1, b2])
)
= [pi1s1(b1), pi1s1(b2)]− pi0s0([b1, b2]) = 0.
Thus we have s0(a1) · s0(a2) − s0(a1 · a2) ∈ n0, s0(a1) · s1(b1) − s1(a1 · b1) ∈ n1 and
[s1(b1), s1(b2)]− s0([b1, b2]) ∈ n0.
Take ω0 : g0 × g0 → V0, ω1 : g0 × g1 → V1, ω2 : g1 × g1 → V0 as follows:
ω0(a1, a2) = σ0
(
s0(a1) · s0(a2)− s0(a1 · a2)
)
,
ω1(a1, b1) = σ1
(
s0(a1) · s1(b1)− s1(a1 · b1)
)
,
ω2(b1, b2) = σ0
(
[s1(b1), s1(b2)]− s0([b1, b2])
)
,
for all a1, a2 ∈ g0, b1, b2 ∈ g1. We define maps
h0(a1, a2, a3) = ρ0(s0(α(a1)))ω0(a2, a3) + ω0(α(a1), a2 · a3)
−ρ0(s0(α(a3)))ω0(a1, a2)− ω0(a1 · a2, α(a3)),
h1(a1, a2, b1) = ρ0(s0(α(a1)))ω1(a2, b1) + ω1(α(a1), a2 · b1)
−1
2
ρ1(s1(β(b1)))ω0(a1, a2)−
1
2
ω1(a1 · a2, β(b1)),
h2(a1, b1, b2) = ρ0(s0(α(a1)))ω2(b1, b2) + ω0(α(a1), [b1, b2])
−ρ1(s1(β(b2)))ω1(a1, b1)− ω2(a1 · b1, β(b2))
−ρ1(s1(β(b1)))ω1(a1, b2)− ω2(β(b1), a1 · b2),
h3(b1, b2, b3) = ρ1(s1(β(b1)))ω2(b2, b3) + ω1(β(b1), [b2, b3])
+ρ1(s1(β(b2)))ω2(b3, b1) + ω1(β(b2), [b3, b1])
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+ρ1(s1(β(b3)))ω2(b1, b2) + ω1(β(b3), [b1, b2]).
Now check that the image of those maps are contained in the kernel of ∂. By
definition we have
∂0h0(a1, a2, a3)
= ∂0
(
ρ0(s0(α(a1)))ω0(a2, a3)
)
+ ∂0(ω0(α(a1), a2 · a3))
−∂0(ρ0(s0(α(a3)))ω0(a1, a2))− ∂0(ω0(a1 · a2, α(a3)))
= ∂0
{
ρ0(s0(α(a1)))σ0(s0(a2) · s0(a3)− s0(a2 · a3))
}
+∂0
{
σ0(s0(α(a1)) · s0(a2 · a3)− s0(α(a1)) · (a2 · a3))
}
−∂0
{
ρ0(s0(α(a3)))σ0(s0(a1) · s0(a2)− s0(a1 · a2))
}
−∂0
{
σ0(s0(a1 · a2) · s0(α(a3))− s0((a1 · a2) · (α(a3)))
}
due to (4.1), we get
∂0h0(a1, a2, a3)
= s0(α(a1)) · (s0(a2) · s0(a3))− s0(α(a1)) · s0(a2 · a3)
+s0(α(a1)) · s0(a2 · a3)− s0(α(a1) · (a2 · a3))
−s0(α(a3)) · (s0(a1) · s0(a2)) + s0(α(a3)) · s0(a1 · a2)
−s0(a1 · a2) · s0(α(a3)) + s0((a1 · a2) · α(a3))
= s0(α(a1)) · (s0(a2) · s0(a3))− s0(α(a1) · (a2 · a3))
−s0(α(a3)) · (s0(a1) · s0(a2)) + s0((a1 · a2) · α(a3))
= 0.
Thus h0(a1, a2, a3) ∈M0 = Ker(∂0).
Similarly, due to (4.2),(4.3), we have
∂1h1(a1, a2, b1)
= s0(α(a1)) · (s0(a2) · s1(b1))− s1(α(a1) · (a2 · b1))
−1
2
s1(β(b1)) · (s0(a1) · s0(a2)) +
1
2
s1((a1 · a2) · β(b1))
= 0.
Due to (4.1),(4.4), we have
∂0h2(a1, b1, b2)
= s0(α(a1)) · [s1(b1), s1(b2)]− s0(α(a1) · [b1, b2])
−[s1(β(b2)), s0(a1) · s1(b1)] + s0[a1 · b1, β(b2)]
−[s1(β(b1)), s0(a1) · s1(b2)] + s0[β(b1), a1 · b2]
= 0
and
∂1h3(b1, b2, b3)
= s1(β(b1)) · [s1(b2), s1(b3)]− s1(β(b1) · [b2, b3])
+s1(β(b2)) · [s1(b3), s1(b1)]− s1(β(b2) · [b3, b1])
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+s1(β(b3)) · [s1(b1), s1(b2)]− s1(β(b3) · [b1, b2])
= 0.
Therefore we have h2(a1, b1, b2) ∈ M0 = Ker(∂0) and h1(a1, a2, b1), h3(b1, b2, b3) ∈
M1= Ker(∂1). Thus we defined a map h : ∧
3
g → M , that is to say h ∈ C3(g,M).
Routine but complicated calculations show that d(h) = 0. Hence the map h defines
a 3-cocycle in the cohomology of g with coefficients in M .
Now we are going to check that ξ is a well-defined map, i.e. the equivalent class of
h does not depend on the sections s, σ.
First we show that the class of h does not depend on the sections s. Suppose
s : g → a is another section of pi and let h be the corresponding 3-cocycle defined
using s instead of s. Then there exist linear maps f0 : g0 → V0 and f1 : g1 → V1 with
s− s = ∂f .
Due to (4.5),we have
ρ0(s0(α(a1)))ω0(a2, a3)− ρ0(s0(α(a1)))ω0(a2, a3)
= ρ0(s0(α(a1)))ω0(a2, a3)− ρ0(s0(α(a1)))ω0(a2, a3)
+ρ0(s0(α(a1)))ω0(a2, a3)− ρ0(s0(α(a1)))ω0(a2, a3)
= ρ0((s0 − s0)(α(a1)))ω0(a2, a3) + ρ0(s0(α(a1)))
(
(ω0 − ω0)(a2, a3)
)
= ρ0(∂0f0(α(a1)))ω0(a2, a3) + ρ0(s0(α(a1)))
(
(ω0 − ω0)(a2, a3)
)
= f0(α(a1)) ·
(
(s0(a2) · s0(a3)− s0(a2 · a3))
)
+ρ0(s0(α(a1)))
(
(ω0 − ω0)(a2, a3)
)
,
then
(h0 − h0)(a1, a2, a3)
= f0(α(a1)) ·
(
(s0(a2) · s0(a3)− s0(a2 · a3))
)
+ρ0(s0(α(a1)))
(
(ω0 − ω0)(a2, a3)
)
−f0(α(a3)) ·
(
(s0(a1) · s0(a2)− s0(a1 · a2))
)
−ρ0(s0(α(a3)))
(
(ω0 − ω0)(a1, a2)
)
+(ω0 − ω0)(α(a1), a2 · a3)− (ω0 − ω0)(a1 · a2, α(a3)).
Due to (4.7), we have
(h1 − h1)(a1, a2, b1)
= f0(α(a1)) ·
(
(s0(a2) · s1(b1)− s1(a2 · b1))
)
+ρ0(s0(α(a1)))
(
(ω1 − ω1)(a2, b1)
)
−1
2
f1(β(b1)) ·
(
(s0(a1) · s0(a2)− s0(a1 · a2))
)
−1
2
ρ1(s1(β(b1)))
(
(ω0 − ω0)(a1, a2)
)
+(ω1 − ω1)(α(a1), a2 · b1)−
1
2
(ω1 − ω1)(a1 · a2, β(b1)).
Due to (4.6) and (4.7), we have
(h2 − h2)(a1, b1, b2)
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= f0(α(a1)) ·
(
[s1(b1), s1(b2)]− s0[b1, b2]
)
+ρ0(s0(α(a1)))
(
(ω2 − ω2)(b1, b2)
)
−[f1(β(b2)), s0(a1) · s1(b1)− s1(a1 · b1)]
−ρ1(s1(β(b1)))
(
(ω1 − ω1)(a1, b1)
)
−[f1(β(b1)), s0(a1) · s1(b2)− s1(a1 · b2)]
−ρ1(s1(β(b1)))
(
(ω1 − ω1)(a1, b2)
)
+(ω0 − ω0)(α(a1), [b1, b2])− (ω2 − ω2)(a1 · b1, β(b2))
−(ω2 − ω2)(β(b1), a1 · b2).
Due to (4.6), we have
(h3 − h3)(b1, b2, b3)
= f1(β(b1)) ·
(
[s1(b2), s1(b3)]− s0[b2, b3]
)
+ρ1(s1(β(b1)))
(
(ω2 − ω2)(b2, b3)
)
+f1(β(b2)) ·
(
[s1(b3), s1(b1)]− s0[b3, b1]
)
+ρ1(s1(β(b2)))
(
(ω2 − ω2)(b3, b1)
)
+f1(β(b3)) ·
(
[s1(b1), s1(b2)]− s0[b1, b2]
)
+ρ1(s1(β(b3)))
(
(ω2 − ω2)(b1, b2)
)
+(ω1 − ω1)(β(b1), [b2, b3]) + (ω1 − ω1)(β(b2), [b3, b1])
+(ω1 − ω1)(β(b3), [b1, b2]).
Next we define maps λ : ∧2g→ V by
λ0(a1, a2) = ρ0(s0(a1))f0(a2) + ρ0(s0(a2))f0(a1)− f0(a1) · (∂0f0)(a2)− f0(a1 · a2)
λ1(a1, b1) = ρ0(s0(a1))f1(b1) + ρ1(s1(b1))f0(a1)− f0(a1) · (∂1f1)(b1)− f1(a1 · b1)
λ2(b1, b2) = ρ1(s1(b1))f1(b2) + ρ1(s1(b2))f1(b1)− f1(b1) · (∂1f1)(b2)− f0(b1 · b2)
Then an easy caculation shows that ∂λ = ∂(ω − ω), hence (ω − ω − λ) : ∧2g→M .
Moreover, if we replace ω0 − ω0 by λ0, then we have
(h0 − h0)(a1, a2, a3) = d(ω0 − ω0 − λ0)(a1, a2, a3). (5.3)
See Appendix at the end of this paper for the detailed proof of equation (5.3).
Similarly, if we replace ω0 − ω0 by λ0, ω1 − ω1 by λ1, then we get (h1 − h1) =
d(ω0 − ω0 − λ0) + d(ω1 − ω1 − λ1).
If we replace ω0−ω0 by λ0, ω1−ω1 by λ1, ω2−ω2 by λ2, then we get (h2−h2) =
d(ω0 − ω0 − λ0) + d(ω1 − ω1 − λ1) + d(ω2 − ω2 − λ2).
If we replace ω1 − ω1 by λ1, ω2 − ω2 by λ2, then we get (h3 − h3) = d(ω1 − ω1 −
λ1) + d(ω2 − ω2 − λ2).
Therefore, we obtain h− h = d(ω − ω − λ). Hence the class of h does not depend
on the section s.
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Next we consider the map
0 // M
i
// V
φ

∂
// a
ψ

pi
// g // 0
0 // M
i˜
// V˜
∂˜
// a˜
pi
// g // 0,
of crossed modules.
Let s˜ : g → a˜ and σ˜ : n˜ → V˜ be section of pi and ∂˜, respectively. Note that
(pi0ψ0s0)(a) = (pi0s0)(a) = a, (pi1ψ1s1)(b) = (pi1s1)(b) = b, for all a ∈ g0, b ∈ g1.
Therefore, ψs : g→ a˜ is another section of pi, then choose another section σ˜, we have
h0(a1, a2, a3)− h˜0(a1, a2, a3)
= ρ0(s0(α(a1)))ω0(a2, a3) + ω0(α(a1), a2 · a3)
−ρ0(s0(α(a3)))ω0(a1, a2)− ω0(a1 · a2, α(a3)),
−ρ0(ψ0s0(α(a1)))ω˜0(a2, a3)− ω˜0(α(a1), a2 · a3)
+ρ0(ψ0s0(α(a3)))ω˜0(a1, a2) + ω˜0(a1 · a2, α(a3))
= ρ0(ψ0s0(α(a1)))
(
(φ0σ0 − σ˜0ψ0)(s0(a2) · s0(a3)− s0(a2 · a3))
)
−ρ0(ψ0s0(α(a3)))
(
(φ0σ0 − σ˜0ψ0)(s0(a1) · s0(a2)− s0(a1 · a2))
)
+(φ0σ0 − σ˜0ψ0)
(
s0(α(a1)) · s0(a2 · a3)− s0(α(a1) · (a2 · a3))
)
−(φ0σ0 − σ˜0ψ0)
(
s0(a1 · a2) · s0(α(a3))− s0((a1 · a2) · α(a3))
)
= (d2θ0)(a1, a2, a3),
where
θ0(a1, a2) = (φ0σ0 − σ˜0ψ0)(s0(a1) · s0(a2)− s0(a1 · a2)).
One can also check that h1 − h˜1 = dθ0 + dθ1, h2 − h˜2 = dθ0 + dθ1 + dθ2, h3 − h˜3 =
dθ1 + dθ2, where
θ1(a1, b1) = (φ1σ1 − σ˜1ψ1)(s0(a1) · s1(b1)− s0(a1 · b1)),
θ2(b1, b2) = (φ0σ0 − σ˜0ψ0)([s1(b1), s1(b2)]− s0[b1, b2]).
This prove that h = h˜ in H3(g,M) and the class of h does not depend on the section
σ. Therefore the map ξ is well defined. 
One would like to establish a bijection between CExt(g,M) and H3(g,M). For
this, we have to construct a canonical example of crossed extension for a given co-
homology class. We don’t have obtained this result yet. The main obstacle is that
we don’t know if category of Hom-Lie antialgebra representations possesses enough
injective objects, or the higher cohomology classes of a free Hom-Lie antialgebra are
trivial. These problems are left for future investigations.
Appendix A. Proof of equation (5.3)
First we replace ω0 − ω0 by λ0, then
(h0 − h0)(a1, a2, a3)
CROSSED MODULES FOR HOM-LIE ANTIALGEBRAS 17
= f0(α(a1)) · (s0(a2) · s0(a3))A1 − f0(α(a1)) · s0(a2 · a3)A2
+ρ0(s0(α(a1)))
(
λ0(a2, a3)
)
−f0(α(a3)) · (s0(a1) · s0(a2))A3 + f0(α(a3)) · s0(a1 · a2)A4
−ρ0(s0(α(a3)))
(
λ0(a1, a2)
)
+λ0(α(a1), a2 · a3)− λ0(a1 · a2, α(a3))
+(d(ω0 − ω0 − λ0))(a1, a2, a3).
Second we substitute the definition of λ and s0 in above equation, we obtain
ρ0(s0(α(a1)))
(
λ0(a2, a3)
)
= ρ0((s0 − ∂0f0)(α(a1)))
{
ρ0((s0 − ∂0f0)(a2))f0(a3)
+ρ0((s0 − ∂0f0)(a3))f0(a2)− f0(a2) · (∂0f0)(a3)− f0(a2 · a3)
}
= ρ0(s0(α(a1)))(ρ0(s0(a2))f0(a3))B1 − ρ0(s0(α(a1)))ρ0((∂0f0)(a2))f0(a3)B2
+ρ0(s0(α(a1)))(ρ0(s0(a3))f0(a2))B3 − ρ0(s0(α(a1)))ρ0((∂0f0)(a3))f0(a2)B4
−ρ0(s0(α(a1)))((f0(a2) · ∂0f0(a3))B5 − ρ0(s0(α(a1)))f0(a2 · a3)B6
−ρ0((∂0f0)(α(a1)))(ρ0(s0(a2))f0(a3))B7
+ρ0((∂0f0)(α(a1)))ρ0((∂0f0)(a2))f0(a3)B8
−ρ0((∂0f0)(α(a1)))(ρ0(s0(a3))f0(a2))B9
+ρ0((∂0f0)(α(a1)))ρ0((∂0f0)(a3))f0(a2)B10
+ρ0((∂0f0)(α(a1)))(f0(a2) · ∂0f0(a3))B11
+ρ0((∂0f0)(α(a1)))f0(a2 · a3)B12,
ρ0(s0(α(a3)))
(
λ0(a1, a2)
)
= ρ0((s0 − ∂0f0)(α(a3)))
{
ρ0((s0 − ∂0f0)(a1))f0(a2)
+ρ0((s0 − ∂0f0)(a2))f0(a1)− f0(a1) · (∂0f0)(a2)− f0(a1 · a2)
}
= ρ0(s0(α(a3)))(ρ0(s0(a1))f0(a2))C1 − ρ0(s0(α(a3)))ρ0((∂0f0)(a1))f0(a2)C2
+ρ0(s0(α(a3)))(ρ0(s0(a2))f0(a1))C3 − ρ0(s0(α(a3)))ρ0((∂0f0)(a2))f0(a1)C4
−ρ0(s0(α(a3)))((f0(a1) · ∂0f0(a2))C5 − ρ0(s0(α(a3)))f0(a1 · a2)C6
−ρ0((∂0f0)(α(a3)))(ρ0(s0(a1))f0(a2))C7
+ρ0((∂0f0)(α(a3)))ρ0((∂0f0)(a1))f0(a2)C8
−ρ0((∂0f0)(α(a3)))(ρ0(s0(a2))f0(a1))C9
+ρ0((∂0f0)(α(a3)))ρ0((∂0f0)(a2))f0(a1)C10
+ρ0((∂0f0)(α(a3)))(f0(a1) · ∂0f0(a2))C11
+ρ0((∂0f0)(α(a3)))f0(a1 · a2)C12,
λ0(α(a1), a2 · a3)
= ρ0(s0(α(a1))f0(a2 · a3) + ρ0(s0(a2 · a3))f0(α(a1))
−f0(α(a1)) · ∂0f0(a2 · a3))− ∂0f0(α(a1) · (a2 · a3))
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= ρ0(s0(α(a1))f0(a2 · a3)D1 − ρ0((∂0f0)(α(a1)))f0(a2 · a3)D2
+ρ0(s0(a2 · a3))f0(α(a1))D3 − ρ0((∂0f0)(a2 · a3))f0(α(a1))D4
−f0(α(a1)) · ∂0f0(a2 · a3)D5 − ∂0f0(α(a1) · (a2 · a3))D6,
λ0(a1 · a2, α(a3))
= ρ0(s0(a1 · a2)f0(α(a3)) + ρ0(s0(α(a3)))f0(a1 · a2)
−f0(a1 · a2) · ∂0f0(α(a3))) − ∂0f0(a1 · a2 · (α(a3)))
= ρ0(s0(a1 · a2)f0(α(a3))E1 − ρ0((∂0f0)(a1 · a2))f0(α(a3))E2
+ρ0(s0(α(a3)))f0(a1 · a2)E3 − ρ0((∂0f0)(α(a3)))f0(a1 · a2)E4
−f0(a1 · a2) · ∂0f0(α(a3)E5 − ∂0f0(a1 · a2 · (α(a3)))E6.
Due to (2.1), (3.5) and (4.1), we have
A1 −C3 = 0, A2 +D3 = 0, A3 +B1 = 0, A4 − E1 = 0, B3 − C1 = 0, B9 − C2 = 0,
B2 − C7 = 0, D6 − E6 = 0, B7 − C9 = 0, B8 − C8 = 0, B10 − C10 = 0,
−C6 −E3 = 0, B6 +D1 = 0, B12 +D2 = 0, −C12 − E2 = 0.
Thus we get
(h0 − h0)(a1, a2, a3)
= −ρ0(s0(α(a1)))ρ0((∂0f0)(a3))f0(a2)− ρ0(s0(α(a1)))((f0(a2) · ∂0f0(a3))
+ρ0((∂0f0)(α(a1)))(f0(a2) · ∂0f0(a3)) + ρ0(s0(α(a3)))ρ0((∂0f0)(a2))f0(a1)
+ρ0(s0(α(a3)))((f0(a1) · ∂0f0(a2))− ρ0((∂0f0)(α(a3)))(f0(a1) · ∂0f0(a2))
−ρ0((∂0f0)(α(a1)))f0(a2 · a3)− f0(α(a1)) · ∂0f0(a2 · a3)
+ρ0((∂0f0)(a1 · a2))f0(α(a3)) + f0(a1 · a2) · ∂0f0(α(a3))
+(d(ω0 − ω0 − λ0))(a1, a2, a3).
Using (4.1) again, we have (h0 − h0)(a1, a2, a3) = d(ω0 − ω0 − λ0)(a1, a2, a3).
Acknowledgements. This research was supported by NSFC(11501179,11601219)
and a doctoral research program of Henan Normal University.
References
[1] M. Alp, Pullback crossed modules of algebroids, Iran. J. Sci. Tech. 32(2008), 1–5.
[2] H-J. Baues and E. G. Minian, Crossed extensions of algebras and Hochschild cohomology, Homol.
Homotopy Appl. 4(2)(2002), 63–82
[3] F. Borceux, G. Janelidze, and G. M. Kelly, Internal object actions, Comment. Math. Univ.
Carolinae 46 (2005), 235–255.
[4] D. Bourn and G. Janelidze, Protomodularity, descent and semidirect products, Theory Appl.
Categ. 4 (1998) 37–46.
[5] J. M. Casas, Crossed extensions of Leibniz algebras, Commun. Algebra 27(12)(1999), 6253–6272.
[6] J. M. Casas and X. Garcia-Martinez, Abelian extensions and crossed modules of Hom-Lie alge-
bras, arXiv:1802.04061.
[7] G. J. Ellis, Higher dimensional crossed modules of algebras, J. Pure Appl. Algebra 52(1988),
277–282.
[8] J. Hartwig, D. Larsson and S. Silvestrov, Deformations of Lie algebras using σ-derivations, J.
Algebra 295 (2004), 314–361.
CROSSED MODULES FOR HOM-LIE ANTIALGEBRAS 19
[9] M. Gerstenhaber, On the deformation of rings and algebras: II., Ann. of Math. 84(1966), 1–19.
[10] G. Janelidze, Internal crossed modules, Georgian Math. J. 10 (2003), 99–114.
[11] G. Janelidze, L. Marki, and W. Tholen, Semi-abelian categories, J. Pure Appl. Algebra 168
(2002), 367–386.
[12] C. Kassel and J.-L. Loday, Extensions centrales d’alge`bres de Lie, Ann. Inst. Fourier (Grenoble)
32 (1982), 119–142.
[13] S. Leidwanger and S. Morier-Genoud, Universal enveloping algebra of Lie antialgebras, Algebr.
Represent. Theory 15 (2012), 1–27.
[14] A. S.-T. Lue, Non-abelian cohomology of associative algebras, Quart. J. Math. Oxford Ser. (2)
19 (1968), 159–180.
[15] V. Ovsienko, Lie antialgebras: pre´mices, J. Algebra 325 (2011), 216–247.
[16] T. Porter, Extensions, crossed modules and internal categories in categories of groups with op-
erations, Proc. Edinburgh Math. Soc. (2) 30 (1987), 373–381.
[17] Y. Sheng, Representations of hom-Lie algebras, Algebr. Represent. Theory 15 (2012), 1081–1098.
[18] F. Wagemann, On Lie algebra crossed modules, Comm. Algebra 34(2006), 1699–1722.
[19] J. H. C. Whitehead, Combinatorial homotopy II, Bull. Amer. Math. Soc. 55 (1949), 453–496.
[20] D. Yau, Hom-algebras and homology, J. Lie Theory 19 (2009), 409–421.
[21] T. Zhang, F.Y. Han and Y.H. Bi, Crossed modules for Hom-Lie-Rinehart algebras, Colloq. Math.
152 (2018), 1–14.
[22] T. Zhang and H. Y. Zhang , On Hom-Lie antialgebra, arXiv:1901.03087, submitted to Comm.
Algebra
College of Mathematics and Information Science, Henan Normal University, Xinxi-
ang 453007, PR China
E-mail address: zhangtao@htu.edu.cn
College of Mathematics and Information Science, Henan Normal University, Xinxi-
ang 453007, PR China
E-mail address: zhy199404@126.com
